DUALITY, VECTOR ADVECTION AND THE NAVIER-STOKES EQUATIONS 



Z. BRZEZNIAK AND M. NEKLYUDOV 

Abstract. In this article we show that three dimensional vector advection equation is 
self dual in certain sense defined below. As a consequence, we infer classical result of Ser- 
rin of existence of strong solution of Navier-Stokes equation. Also we deduce Feynman- 
Kac type formula for solution of the vector advection equation and show that the formula 

, is not unique i.e. there exist flows which differ from standard flow along which vorticity is 

' conserved. 

o ■ 

(N 

Q I The purpose of this paper is twofold. The first one is to establish a certain self-duality 



O 

(N 



^ ■ formula for a vector advection equation in the space M'^. This formula can be understood 

as generalization of the helicity invariance for the Euler equations , see Corollary 12.131 
and Remark [2 .141 As a byproduct, see Corollary 12. 13[ we give a new proof of the classical 
p ^ I result of Serrin [1291 about the uniqueness of a weak solution to the Navier-Stokes equations 
^ ■ (NSEs for short) 



> 
o 



(0.1) — + (mV)m = uAu + Vp + f 

div u = 
m(0) = Uq 



satisfying certain additional integrability condition. The second one, see Theorem 13.121 
is to establish the existence of non-classical flows along with which the circulation of the 
^ ■ solution of the vector advection equation is conserved in the mean. This problem seems to 

us important because it could potentially lead to the new a priori estimates of the solution 
^ . of vector advection equation. 

I The importance of the vector advection equation stems from the fact that it appears 

in many different areas of hydrodynamics, e.g. the vorticity of a strong solution of the 
3-dimensional NSEs is its solution. Moreover, the major obstacle in proving the global ex- 
istence of a strong solution to the NSEs is the appearance of the "vorticity stretching" term 
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in the vector advection equation. It is necessary to underline that in a simpler case of the 
scalar advection equation, this conceptually important term is not present and therefore the 
self-duality and other properties described in this paper do not hold. Another application 
of the vector advection equation is the equation for magnetic field in MHD equations, see 
e.g. [24J. 

Let us describe briefly the main contributions of the paper. 

In the first part of our paper we study the following vector advection equations 

(0.2) - [P{{v{t,x)V)F{t,x) -VF{t,x)v{t,x))]{t,x) + f{t,x), X eR'^, 

F{0,x) = Fo{x), X e R'^, 

where v : [0, oo) x M*^ ^ M*^ is a given time-dependent vector field, c? = 3, P is the 
Helmholtz projection onto the divergence free vector fields and A is the Stokes operator. 
As usual by E[gQ^(]R'^), d G N, we denote the space of all divergence free vector fields that 
belong to the Sobolev space H'^'^(]R'^). Let us denote by 7^^ the transport operator along v, 
i.e. T^"Fo = F(t), for t > 0, where / is the unique solution to problem (|0.2I) . The main 
result here is Theorem l2.7l in which we formulate the following self-duality formula. 

(0.3) (curlFo,r^^^''G'o)H = {cmlT^ Fo,Go)h, Fo E cuTr\H), Go G H, 

where St is the time reversal operator, i.e. {STv){t) = —v{T — t), t E [0,T]. The 
self-duality formula (10.31) allows us to deduce certain properties of the operator T^. 
In particular in Corollary 12.101 we show that the C(M'^^,M'^^)- norm of 7^ is equal 
to its £(EIg^'^'^, Hg^'^'^)- norm. Moreover, in Corollary 12.121 we prove that the space 

I 2 i 2 

£(HgJ[ , Hg^^'j ) is in a certain sense optimal for T^. 

The main result in the second part of the paper. Theorem 13. 121 is about a certain non- 
classical Feynman-Kac type formula for the solutions of the vector advection equation 
(10.21) in two dimensions. We show that if the divergence free vector field v is time- 
independent and sufficiently regular, then the stochastic flow of diffeomorphisms of R^ 
Xs{t; < s < t < T, corresponding to the following SDK on M^, 

( dX,{t;x) = V2^a^{Xs{t;x))dW{t), 0<s<t<T, 
I XJs;x) = X. 



where, with a function : 
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R such tha^v = 



3 



cri(x) 



( 




has the following properties: (i) its one-point motion is a Brownian Motion and (ii) the 
circulation along it of the solution of the two dimensional vector advection equation (10.21) . 
i.e. with (i = 2, is a martingale. This flow seems to be of interest on its own because the 
stream function (p naturally arise in its construction. 

The question of the existence of an analogous flow in the three dimensional case remains 
open, see Question (13.241) for details. 

It should be noticed here that a similar construction does not work for the scalar advec- 
tion equation because in this case the Feynman-Kac type formula depends only upon the 
law of the flow itself and not upon the law of the gradient of the flow. Also we would 
like to point out that the main obstacle in getting a'priori estimates for solutions of vector 
advection equation (in particular, for vorticity of the solution to the 3-D NSEs) is lack of 
an estimate for the gradient of the flow. Therefore, in connection with this result, a natural 
question is whether it is possible to choose the optimal flow for which gradient is bounded? 

The main idea behind our approach to the Feynman-Kac type formula for solutions of 
the vector advection equation is that in the case with viscosity equal to 0, the conservation 
law of circulation, known also as Kelvin-Noether Theorem, holds. In the case of positive 
viscosity we are able to find an analog of this conservation law. The Feynman-Kac 
formula is then an immediate consequence of that result. This idea has been used before 
in the papers ll25l and [|26ll (though with quite sketchy proofs). In the latter paper, see 
Theorem 5 and Example 1, the Feynman-Kac formula for the solution of vector advection 
equation without incompressibility condition has been derived. A somewhat similar idea 
has been also explored independently by Constantin and Iyer in [[6l, but see also Flandoli et 
al. [|5l for a different approach. Moreover, Flandoli et al. flU proved Feynman-Kac formula 
for more general systems of parabolic PDEs. However, we would like to point out that in 
all of the articles mentioned above only the "standard" stochastic flow corresponding to 



Such exists because div v = 0. 
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the following SDE 

(0.5) dXs{t;x)) = v{t,Xs{t;x))dt + V2^dW{t), te[s,T], 

Xs{s;x) = X. 

has been used and, correspondingly, the problems discussed here does not appear in their 
framework. 

One possible application of Theorem 13.121 is the extension of Le Jan and Raimond's 
theory of statistical solutions of the scalar advection equations, see [[TSl . to the 2D vector 
advection case. Indeed, Le Jan, Raimond theory defines statistical solution Xs{t;x) of 
SDE (10.51) (corresponding to a solution of scalar advection equation in a natural way) with 
velocity v given by 

oo 

(0.6) dv\t, x) = Y^ (tKx) dW{t)'', X eW, t>0, i = l,...,n, 

k=l 

where o-^(-) are Holder continuous and {W (t)''}'^^^ is a family of i.i.d. Wiener processes. 
In the case of the 2D vector advection. Theorem 13 . 1 21 implies that we don't need to define 
process Xs{t; x) (It is just Brownian motion!). We only need to show that the linear equa- 
tion (|3.21l) for the gradient of the flow VXs(t; x) has a strong solution. At this moment, 
there appears certain difficulty with the definition of the right hand side of equation (13.211) 
for irregular vector field v of the form (|0.6I) . We are of the impression that the white noise 
calculus could be of some help here. 

Finally, the idea of generalization of the conservation laws has been extensively studied 
in physical literature, where it is called statistical integral of motion or zero mode, see e.g. 
the survey BH part lI.E, p.932], and references therein. 

Note: After we had proved Corollary 13.31 we became aware that independently of us a 
similar result was proved recently by Constantin and Iyer in [|6l. 

Acknowledgments. We would like to thank T. Komorowski and B. Goldys for their useful 
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and Iyer [|6l. The present article derives from work done as part of the Ph. D. thesis of 
the second named authour at the University of York, while supported by the ORS award. 
University of York scholarship and, later, by an ARC Discovery project DP0558539. The 
research of the first named author was supported by an ARC Discovery grant DP0663153. 



duality and the nses 5 
1. Notations and hypotheses 

Let D be either W^' or an open, bounded and connected set in W^' . In the latter case, 
we assume that the boundary F = dD of D is of class and we denote by li the outer 
normal vector field to the boundary T. We denote by C°°{D, ) the space of infinitely 
differentiable functions from D to and by C^{D, M" ) the subspace of those functions 
belonging to C°°{D, M" ) which have a compact support. Finally, let us denote 



V{D) = {feC^{D,R''):divf = 0}. 

For A; e N and p e [1, oo), let Hq'^{D, M" ), respectively H^'P{D, W ), be the comple- 
tion of C^{D,W), respectively C~(D, ), with respect to norm 

k 

\k,p 



1=0 \a\<l 

We will use the following notation 



I rt I ^ I ^ I ^ 



D 



H'''P{D) = H'''P{D,R), H^'^iD) = H^'''{D,R), 

B.'^Id) = WiD) = H^'pId,R'^). 

Finally, let us denote 

H = {/GL2(D):div/ = 0,(/-7?)|r = 0}, 
V = Ml'\D)r\H. 

Equipped with the norm || • ||o,2, is a Hilbert space. Similarly, is a Hilbert space 
when equipped with the norm || ■ ||i 2. The norms in H and V will be denoted by | ■ | and 
II ■ II . See also ll33l pp. 9-15] for the definition and different characterizations of the spaces 
H and V. 

By M'^^{D) we will denote the completion of V^D) w.r.t. the norm || • W^^p. We will 
often write hJ;^ instead of hJ;^(R3). We also denote by hJ;^^i the completion of V{R^) 
w.r.t. the homogeneous norm 

lp=ij\ cnrf /|^3 dxy/P, keN,e [1, 00). 
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Let us also denote = (El^'g^j)*, A; G N and define the spaces with fractional order via 
the complex interpolation, i.e. 

where [■, -J^ is a complex interpolation space of order (3. 

Let P : M^''P{D) — > EIg^^(i5) be the Helmholtz projection onto the divergence-free 
vector fields, see |fTT| or JSSl. 

From now on we consider the case c? = 3. By x we will denote the vector product in 
M'^. We will often use the following properties of the vector product. 

(1.1) (a X 6, c)iR3 = (a, 6 X c)k3 

(1.2) \a X 6|k3 < |a|iR3|6|K3. 

We will identify the dual H' with H and so we can assume that H C V . In particular, 

V G H = H' 



is Gelfand triple. We will need the following results borrowed from the monograph [[191 
by Lions and Magenes, see Theorem 3.1, p. 19 and Proposition 2.1, p. 18. 

Lemma 1.1. Suppose that V d Ti d V is a Gelfand triple with the duality relation 
(■, ■)v',v- If u G L^(0,T; V), u' G L^(0,T; V), then u is almost everywhere equal to a 
continuous function from [0, T] into Ti and we have the following equality, which holds in 
the scalar distribution sense on (0, T): 

(1.3) j^\u\^ = 2{u\u). 

As a consequence we have the following result. 

Corollary 1.2. If f,g G L2(0,T;V) with f',g' G L'^{0,T;V) then is almost 

everywhere equal to weakly differentiable function and 

(1-4) j^U,9)n = {r,g)v'y + {f,g')v'.y. 

We also recall the following result from [[T9l . see Theorem 4.1, p. 238 and Remark 4.3, 
p. 239 

Theorem 1.3. Assume that 

(1.5) AGL°°([o,r],/:(v,v')) 
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satisfies the following coercivity condition. There exist a > and A G M such that 

(1.6) {A{t)u,u)x"y > a\u\y + \\u\'^, u G V. 

Then for all uq ^Ti. and f G L'^{0, T; V) the problem 

+ Am = /, 



dt 

U{0) = Uo 

has unique solution u G L^(0,T; V) such that u' G L^(0,T; V). Moreover, this unique 

solution u satisfies the following inequality 

t t 

(1.7) \u\Ut) + a J \u{s)\lds<il + 2\t)e^^\\uo\j, + ^ J \f\l,ds),te[0,T]. 



We will also need the following result. 

Proposition 1.4. Assume that an operator A G CiV, V) satisfies the coercivity condition 
(fTel) . Let us denote D{A) = {x E n\Ax G H}. Then for all f G L^{0, T; H) and uo e V 

there exists a unique solution u G ^^(0, T; D{A)) n C([0, T]; V) of the problem: 

du 

(1.8) 'di^''^'' ^ ^' 

m(0) = Uo 

and it satisfies u' G lv^(0, T; 7i). Moreover, for a constant C = C(A, T, z/) independent of 
Uo and f, such that 

Proof of Proposition \1.4\ It follows from Theorem 3.6.1 p. 76 of ll32ll that —A generates 
an analytic semigroup in H. Therefore, the existence and the uniqueness of solution u 
follows from Theorem 3.2 p. 22 of EOll . It remains to show the inequality (11.91) . let us 
define a Banach space X = {u e L'^{0,T; D{A)) : u' G L'^{0,T;H)} and a bounded 
linear operator Q : X 3 u {u{0),u' + Au) eVx L^(0, T; iJ)). Since Q is a bijection, 
according to the Open Mapping Theorem, there exists the inverse continuous operator 
Q-\ i.e. Q-^ G CiV X ^^(O, T; H),X). Hence the inequality CH) follows. 

□ 



Definition 1.5. Let us define a bilinear form d : V x V ^ Mby 

3 

a[u, V ) = 



^ r . . 

/ ViU^ViV^dx,u,v G V". 
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Lemma 1.6. The form a : V ^ V M} is positive, bilinear, continuous and symmetric. 

Proof. Proof is omitted. □ 

It follows from Lemma 11.61 and the Lax-Milgram Theorem that for any f ^ V there 
exists unique u eV such that 

(1.10) a{u,v) + \{u,v) = {f,v)v',v,v G V. 

Definition 1.7. Define A E C{V, V) by an identity 

d{u,v) = {Au,v)v,v' ,u,v G V. 

Remark 1.8. The operator A defined above is often called the Stokes operator. 

Corollary 1.9. The operator A defined in Definition \1.7\ is self-adjoint and positive definite. 

Proof. Follows from the symmetry of the form a. Theorem 2.2.3, Remark 2.2.1, p. 29 of 
Il33. □ 



Definition 1.10. Let us define trilinear form b : C^{D) x V x V ^Rby 

(1.11) KvJA) = {Piv X cuT\f),^)v'y, {v,f,(P) G C^iD) xVxV. 

Lemma 1.11. For any 6 there exists Cs > such that for all e > and all {v, f, 0) G 

C^{D) xVxV, 

(1.12) \b{vJ,<P)\' < |/|^|0lM^'^'/' + ^K^)lLtA(z,)), 

(1.13) \b{vJ,<P)\ < lurv + lie'^'/^Hl + ^Ht)^^^^^^^ 

Moreover, if we assume that f G D{A), then for any cf) E V the following inequality holds 

(1.14) \HvJ,<P)\'<\<j>\Ue''-'WDiA) + ^\vf^^^^^^ 
To prove Lemma fl.lll we will need the following auxiliary result. 



Lemma 1.12. For any S there exists Cs > such that for all e > 

Cs I ,2+1 
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Proof of Lemma ITJ2\ Letusp = 3— q = 9 = Then ^ + ^ = 1 and therefore 
by the inequality (11.21) . the Holder inequality, the Gagliardo-Nirenberg inequality (see 
Theorem 9.3, p. 24 in ifTOl ) and from the Young inequality we infer the following train of 
inequalities 

llx,, _ll2 / /lxl2l_l2j.. ^Ixl2 |_|2 

(D) 



\\f y< 9\\i2^D) < \f\ \9\ dx<\f\i,,^j,)\g\i,. 



D 



□ 



Proof of Lemma\rn\ Let us fix (w, /, 0) ^C^{D)xVx V. Then by equality (O), and 
Lemma [LT2] we have 



2 



(1.16) \h{vJA)? = \{v{t)x(t>,cni\f)v'y 
Similarly, 

(1.17) \b{vj,(j))\ = \{v{t)x(j),cnT\f)v',v\<\cnT\f\H\v{t)x<j)\H 
and 

(1.18) \kv,f,(P)\^ = \{v{t)xcuT\f,(P)v'y\'<\^\]jHt)x curl f\]j 



< 



□ 



Fix 5o > 0. It follows from inequality (11.121) that the trilinear form b is continuous with 
respect to the L^^^^'(D) x V x V topology. Therefore, there exist continuous trilinear 
form b : L^+^''{D) xV xV such that 

b{--, ■)\cg°{D)xVxV = b. 

Moreover, 

(1.19) b{v,f,(P) = -{v X (P,cnT\f)H, {v,f,^) e L3+^"(D) xVxV. 
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Indeed, the form on the left hand side of equality (11.191) is equal to the form on the right 
hand side of equality (11.191) for (t>, /, 0) G C^{D) xVxV and both forms are continuous 

inL3+^«(L)) xV xV. 

Definition 1.13. Let us define a bilinear operator B : L'^^^°{D) x V V by 

{B{v, /), (P)v',v = b{v, f,(P),ve feV,<peV. 

Corollary 1.14. Assume that 6o > 0. Then there exists a constant Cg^ > independent 
such that 

(1.20) \B{vJ)\l,<\\f\\Ue'''''/' + ^^\v{t)0^^^ {vJ)eL'^'^^{D)xV. 



e 



Moreover, if{v, f) E L'^+^''{D) x D{A) then B{v, f) E H and 
(1.21) mvj)\l<{e'^^'^/^f\\l,^, + -^ 



Proof of Corollary \1.14\ Proof immediately follows from Lemma ll.l II □ 

2. Duality 

Assume that Fq E H, f E 1/^(0, T; V). We consider the following two problems: 

(2.1) ^ = -uAF-Bivit),F) + f, 

(2.2) F(0) = Fc 



0; 

(2.3) — = -uAG - curl {v{t) x G) + f, 

(2.4) G(0) =Go. 

Definition 2.1. We will call an element F, respectively G, ofL'^{0, T; V) n L°°(0, T; H) n 
C([0,T]; H^), where is equal to H endowed with the weak topology, a solution of 
problem ( \2.1}\2.2\i . resp. ( \2.3}\2.4\i . iff F, resp. G, satisfies equation ( 12.71) . resp. problem 
(12.31) . in the distribution sense and F, resp. G, satisfies (|2.2I) . resp. (12.41) as elements of 

C{[0,T];H^). 

In the next two Propositions we will deal with the existence and regularity results for 
solutions of (I2.1H2.2I) and (|2. 3112.41) . These results are probably known, but since we have 
been unable to find them (the form we need) in the literature, we have decided to present 
them for the sake of the completeness of the paper. 
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Proposition 2.2. Suppose that (Fq, f)eHx L^(0, T; V) and 

(2.5) ^; G U L^+^(0,T;L^+^«(D)). 

<5o>0 

Then 

(i) there exists the unique solution F of problem Ii2.1^2.2\) and for each 5o > there exists 
a constant Ki = Ki{\v\ 2+ independent of(Fn, f) such that F satisfies 

L (0,T;L3+'5o(D)) 

the following inequality 

t 

\m\H + y I wmfyds 


t t 

(2.6) < K,{ J \v(s)\lt!i;°ds,u){\Fo\], + ^ I \f{s)\l,ds),te[0,T]. 



Furthermore, F G C([0, T], V) and F' e L^+^(0, T; V). Moreover, ifv satisfies the 
following, stronger than (|2.5I) . condition 

(2.7) G L°°(0,T;L3+''°(D))/or5ome(5o > 0, 
F' G L2(0,T; r')- 

(ii) If in addition {Fq, f) G V" x L^(0,T;if) condition (|2.7I) i5 satisfied, then 
F G C([0, T], V) n L2(0, T; Z}(A)). 

(iii) Assume that n E N. Suppose /*^"^ G L'^{0,T; H), there exists 5o > such that 
V G C"-1(0,T;L3+'5o(D)), t;W G L°^(0, T; L3+'5o(L))) a«J G /or = 0, 1, . . . , n, 
where sequence {gk]'k'=Q defined by formulc\ 



m—l 

T-^ / (m — h — 1 1\ /^\ N . />m — 1 

k=0 

9o = Fq. 



(2.8) gm = -uAg^-i-J2B{v^"'''''^m,gk) + f'^^\0),m = l, 



ThenF E C"([0, T], V). 

Remark 2.3. We should notice that on the one hand, our class IJ<5>o -^^^^ (0; [D)) 
is the Serrin regularity class. Indeed, ifr = 2+|^,s = S+Sq then = 1. Therefore, any 
weak solution of the NSEs belonging to this class is a strong solution. On the other hand. 



^It is easy to see that formally system ( 12. 1112.21 1 uniquely defines F'^''^ (0). Indeed, if we formally put t — 
in the system we immediately get expression for F'{Q) through known parameters. Similarly, differentiating 
equation I2.I I w.r.t. time we get recurrent formula ( 12.8b for F*^'^^(0), fc e N. So, the condition gk G is 
compatibility condition. 
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we have been unable to prove that under the assumption (12.51) a solution F of problem (I2.U 
12.21) is such that F' G i^^(0, T, V). A problem that arises here is similar to the problem 
wether a weak solution u of the NSEs, see [,33,L p. 191 Problem 3.2 and Theorem 3.1, 
satisfies u' e L'^{0,T; V). 

For the second equation we have: 

Proposition 2.4. Suppose that a time dependent vector field v satisfies the assumption 
(1231) . Then 

(i) for every {Fq, f) E H x L'^{0,T;V') there exists unique solution G of the prob- 
lem A2.3^2.4\l such that G' G L^(0,T; V) and for each 6o > there exits a constant 
Ki \v{s)\^+i^° ds, such that G satisfies the following inequality for t G [0, T], 

t 

\G{t)\l + V j \\G{s)ryds 



i t 

(2.9) < j \v{s)\'^X" d^^^){\Go\l + ^ j \f{s)\l.ds),te[m. 



(ii) If in addition v G -^^^(0, T, V) and {Fq, /) G x L^(0, T; H), then the solution G from 
part (i) satisfies G G G{[0, T],V) n L'^{0, T; D{A)). 

(iii) Fix n e N. If G L'^{0,T;H), there exists 5o > such that v G 
(:7"-1(0,T;L3+'5«(D)), G L°°(0, T; L3+^"(D)) nL2(0,T,1/) and h G 1/, /or A; = 
0, 1, . . . , n, where sequence {/fc}^Q /5 defined by formula 

m—l 

(2.10) /™ = -z/A/^_i-^curV"^-^^i)(0)x/fc) + /™-i(0),m = l,...,n 

fc=0 

^0 = Co- 
ThenGe C"([0, T], 1/). 

Corollary 2.5. A^^Mme ^/za^Fo e H, f,v e G°°{[0, T];H). If for each k eN, w^^^ satisfies 
the condition (|2.5I) . ^/ze solution of the problem A2.1}\2.2\l is in C°°((0, T] x D). 



Proof of Corollary^ It follows from Remark 3.2, p.90 in (Ml. 
Similarly for the problem (I2.3H2.4I) we have 



□ 



DUALITY AND THE NSES 13 

Corollary 2.6. Assume that Fq e H, f,v e C°°{[0,T]; H). If for each k ef^v^^^ satisfies 
the condition (12.71) . then the solution of the problem l\2.3}\2.4\l is in C°°((0, T] x D). 

Proof of Corollary\TM It follows from Remark 3.2, p.90 in jMl. □ 
The main result in this section is the following. 

Theorem 2.7. Suppose that Fq e H, Gq e H andv e J^^^g L^+t(0, T; L^+'^o (£))). Let 
F and G be solutions of respectively problems (12.1 II) and (12.121) below. 

(2.11) ^ = -uAF-B{v{t),F),te{0,T), 

F{0,-) = Fo, 
dG 

(2.12) — = -z/AG + curl(^;(T-t) X G), t G (0,T), 
G(0,-) = Go. 

Then, the following identity holds 

(2.13) {F{t),G{T -t))H = {F{()),G{T))h. tG[0,T]. 

From now on we will only consider the case D = W?. We notice that now if F is 
a solution of the problem (|2.1H2.2I) with data (Fq, /, t'), then curlF is a solution of the 
problem (|2.3H2.4I) with data (curl Fq, curl /, v) . 

Definition 2.8. Let : H ^ H be the vector transport operator defined by 7J'(-Fo) = 
F{T), where F is the unique solution of the problem (|2.11l) with data (Fq, v). 

Define also the time reversal operator 

St : U L'+t(0,r;L3+^«(D)) ^ |J L^+t (0, T; L3+^«(D)) 

So>0 So>0 

by {STv){t) = —v{T — t). Then from Theorem 12.71 we infer that 

Corollary 2.9. Assume that Fq e V, Gq e H and v e J^^^^g L^"^t (0, T; L3+*(M3)). 
Then the following duality relation holds, 

(2.14) (curlFo,r^^-'^Go)H = (curl T^^Fq, Go)^. 

Corollary 2.10. Assume that v satisfies the assumption (|2.5I) such that duality relation 
(ITUl) holds. Then 

(2.15) ||T^^||^(H"i^^H. 2^^) = ||T/-^|^(H--^Hl-:,■^). « e [0, 1]. 
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Proof of Corollary \2.10\ Because H^f^i is the complex interpolation space between 
H^'gQi = L^qj and H^^'soi of order a, it is enough to consider the cases a G {0, 1}. Fur- 
thermore, we can restrict ourselves to the case of a = because St o St = id. 
From equality (12.141) it follows that 

\\^t\\c{i.I„i.Ij = ^ sup 



sup 



(curl T^cp, curl~^ tp) \ 



|(curl0,Ti^^^currV)l 
sup 

^■4,(^v{R^) II0IIl2 



sup 



ol sol 



/i.sol /I, sol 



7-5Tf I 



□ 



Definition 2.11. By we denote the class of all functions u : [0, oo) xR'^ satisfying 
the following three conditions. 

(i) nGL-([0,oo);iJ). 

(ii) For all t G [0, oo) there exists a unique solution of equation (|2.11l) with parameters 
n* = u|[o,t] fimJ f* = S^{u\\^Q^t])- Furthermore, the duality relation (|2.14l) vector 
field V replaced by the vector field holds. 

(iii) For every t G [0, oo), G /:(eg„i, Hg^j). 

Then the following result follows from Corollary 12. 101 

Corollary 2.12. Assume that a G [0, 1]. Then = ^i-a C Xi and the space Xi 
is invariant with respect to scalings "^x, A G (0,1], where {'^x'u)(t,x) = Xu{XH, Xx), 
t G [0, oo), X G R^. 



Proof of Corollary \2.12\ Property Xa = is a direct consequence of Corollary 12.101 

and the definition of Xa. We will show that Xa C Xi. Let u G Xa. Then for allt > 0, 

2 

G /:(e;:i,H;:i),7;" g /:(e^'^e;,-,",'2). 
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Indeed, it follows by definition of Xa that 

IT"! — |'7-^*("l[o,t]) I + ^ fn 

Therefore, by the Interpolation Theorem, see ll35l Theorems 1.9.4, p. 59 and 1.15.3, p. 
103], we have that 

i.e. 

7;"G£(H|;l,e|i),tG[o,oo). 

Third property follows from identity 

7^*^(")vI;,(Fo) = vI/,(7;"Fo),tG[0,oo) 

- 2 

and boundedness of scaling operators and = \E'i in '^^j. □ 

The first part of our next result is the classical result of Serrin-Prodi- Ladyzhenskaya 
([|29l|271[l7l). But the second part, i.e. inequalities (ITTel) and dTTT]) are new. 

Corollary 2.13. Assume that u is a weak solution of the NSEs (|0.1I) with the external force 
0. Assume that u satisfies the Serrin condition, i..e u G IJ^^^q L^^'^o (0, T; L'^"*"'^°(M^)) 
and m(0) G V. Then u G L°°(0, T; V"), i.e. u is a strong solution of (|0.1|) . Moreover, if 

Go G 

(2.16) (curlM(0),T/^^"^Go)/f = (curlM(r), Go)h, 

(2.17) ||curlM(T)||^, < ||T/-(")|U(H,H)||curlM(0)||.j, 

Remark 2.14. Let us observe that the equality (I2.16|) is a generalization of the helicity 
invariance / {u, curlM)K3 dx, see e.g. p. 120 - 121 in [|24l for the solutions of the Euler 

equations. Indeed, if we consider the transport operator 7^, for u = and take Go = u(T) 
on the right hand side of equality (12.161) then, under the assumption that the Euler equation 
has a unique solution, we infer that T/^^"^m(T) =m(0). 

Proof of Corollary |2. 1 3\ By Proposition 12. 21 there exist unique solution F G L'^{0, T; V) fl 
L°°(0,T; H) of equation (|2.1H2.2I) with initial condition Fq = n(0) and v = u. We can 
notice that u is also solution of (I2.1H2.2I) by Navier-Stokes equation. Thus, F = u and we 
have (|2.16l) by Theorem 12.71 Therefore, we have 

II curlM(t)||// < ||7:r^^^"''lU(H,j/)|| curlM(0)||// 
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and by boundedness of operator T^^*^"-* (Proposition |2]2]) we get the result. □ 

3. Formulae of Feynman-Kac Type. 

The aim of this section is twofold. Firstly, we will discuss the physical meaning of the 
operator T^?^'' ''. Secondly, we will deduce a formula of Feynman-Kac type. In the whole 
section we suppose that D = M.^ . We also assume that (fi, JF, {J-'t}t>o, P) is a complete 
filtered probability space and that {W{t))t>Q is an M"^-valued Wiener process on this space. 
We have the following Proposition. 

Proposition 3.1. Assume that a G (0,1), a{-,-) e Li(0, T; ^^'"(M" , O M™)), 

a(-, ■) G L^{0, T; C^'"(M" , M" )). Let us assume that a continuous and adapted process 

X = [0, T] X X ^ M" is a unique solution to the problem 

dXt{x) = a{t, Xt{x)) dt + a{t, Xt{x)) dW{t), 
Xo{x) = X. 

Then for any class closed loop T in , any F G C^'^([0,T] x ,R" ) and any 
t G [0, T], we have F-a.s., 




ulate" drift in two dimensional case i.e. to consider flow without drift such that this term 
"creates" necessary drift (see subsections 13. 1 [ \32\ and Theorem 13. 12f or detailed explana- 
tion). 

Proof of Proposition \3. 1\ It follows from Theorems 3.3.3, p. 94 and 4.6.5, p. 173 of [fT6ll 
that Xt{-),t E [0, T] is a flow of C^-diffeomorphisms and VXt(-) satisfies corresponding 
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equation for gradient of the flow. Then formula (13. 1|) immediately follows from the Ito 
formula, see [26] for calculations. □ 

Corollary 3.3. Assume that u > and v e L\0, T; , M" )) for some a e (0, 1). 

Let {Xs(t; x))o<s<t<T, be a stochastic flow corresponding to the following SDE 

(3.3) dXs{t-x) = v{t,Xs{t;x))dt + V2^dW{t),te[s,T], 

Xs{s;x) = X. 

Assume that Fq G ^^(R" ) and let F e C^'^{[0,T] x W ,W ) be a solution of the 
following linear equation ^ 

(3.4) = -uAF + P{{v{T-t)V)F-VFv{T-t)),te{0,T), 

(3.5) F(0) = Fo, 

Then for any s G [0, T] a process {Ms(t))te[T-s,T] defined by the following formula 

/n 
Y,F\T-t)dxk, tCL[T-s,T] 

is a local martingale. 

Proof of Corollary \3.3\ This follows immediately from Proposition l3.1[ □ 

Remark 3.4. Corollary 13.31 whose idea is taken from ll26l . can be seen as a generalization 
of the Kelvin circulation Theorem, see e.g. [[22l p. 26]. Indeed, if v = 0, then Xs{t; x) is 
a position of a particle at time t starting from point x at time s, moving in the deterministic 
velocity field v. Moreover, Mg is the circulation along a curve 7 moved by the flow gener- 
ated by V. Hence, by Proposition 13. H it follows that the local martingale Mg is constant in 
time. A similar result has recently been independently derived by Constantin and Iyer, see 
E Proposition 2.9]. 

Next we deduce from the corollary 13. 3l the following formula of the Feynman-Kac type 
for the solution of equation (13.41) . 

Proposition 3.5. Assume that v G L^{0, T; C^'^^iW , ))for some a G (0, 1) and 

T 

(3.6) j {\v\l°^{s) + |Vt'|Loo(s)) ds < 00. 



■^which coincides with Problem ( 12.111 ) in the case ri = 3 
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Assume that F : [0,T] x M" W is a solution of the problem (|3H)-(|331) with Fq G 
C^(M"') n L^(M") and {Xs(t; x))o<s<t<T is stochastic flow corresponding to SDE (13.31) . 
Assume also that there exists P > such that for any T G C^(S^, M" ), where §^ is the unit 
circle, for all s,t E [0, T] such that T — s <t, 

(3.7) E| J F\T -t,x)dxk\^^'^ <oo, k =!,■■■ ,n. 

XT-s{t;r) 

Fix s G [0, T] and define a functions Qs : M."- ^ by 

Qs{x) := E{Fo{Xt-s{T; x))VXt-s{T; x))), x G . 
Then, Q, G /.^(M", R") n Ci+=(M", R"), < e < a and 

(3.8) = [P(g.)](x), X G M", s G [0,r]. 

Remark 3.6. In connection with the formula (13.81) we can ask whether the flow 
{Xs{t] x))o<s<t<T associated to the SDE (13.31) is the only flow such that the function F 
defined by the formula (13.81) is a solution to problem (I3.4H3.5I) ? It turns out that the answer 
to this question is negative. In the subsections 13.11 and 13 . 21 we will consider separately two 
and three dimensional examples. 

Remark 3.7. Condition ^J} is satisfied if, for instance, F G L°°([0, T] x M" ) and 

T 

J \Vv\l°^{s) ds < oo. 



Indeed, in this case we have the following inequality 

t 

|VX,(t; < exp{ J \Vv\Lo^{r) dr), s<t<T, 

s 

and hence the result follows. 

Proof of Proposition \3. 51 For fixed s G [0, T) let us denote 

3 

(3.9) M,{t)= J ^F'=(T-t)rfx,, tG[T-s,T]. 

Then by Corollary [33] the process {Ms{t)), t E [T — s, T] is a local martingale. Hence, by 
the uniform integrability condition (|3.7I) we infer that Ms is martingale and so KMsiT — 
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s) = EMs{T). In particular, 

(3.10) j F''{s, x) dxk = J dxk, T e C\S\ M" ). 
r r 

It immediately follows from Theorems 3.3.3, p. 94 and 4.6.5, p. 173 of [[T6ll that Qs E 
C^+%W ,W),0 < e < a. Furthermore, G L^{W , M" ). Indeed, by definition of the 
flow (|3.3I) we have 

T 

r I VD|i;,oo (r) dr 

sup|VXt-s(T;x)| < eo 

X 

Hence 

J \Qs{x)\^dx < J E\Fo{Xt-s{T;x))VXt-s{T;x)\Ux 

< E(^snp\VXT-s{T;x)\^ J \Fo{Xt-s{T; x))\^ dx^ 

T 

(3.11) < eo E / \Fo{XT-,{T;x))\^dx 

J\S/v\Loo{r)dr r ^ ^ „ ^ 

< eo I Ei\Foix + V2^{WT-WT-s))\'£^^s)dx, 



T T 

|2 , 



/ v{r,XT-s(r\x))dWr-l/2 / \v{r,XT-s{T\x))\'^ dr 

where £'^_g = e^-" is a stochastic exponent. We 



can notice that 

T 

(3.12) Wt-s\' < e ° 



T ,2 , 2/|?){r)|£,oo{r)dr 



and, therefore, combining (13.1 II) and (13.121) we get 

T 

(3.13) / |Q,(x)|^c/x < eo / |Fo|^rfa; < oo. 



It remains to notice that operator? : Cf^i^"" ,M" ) ^ (:7/5(R" ,M" ),/3 G (0, 1) is bounded. 
Indeed, it follows from representation of P as pseudodifferential operator ([[TT | . [|33ll ) and 
Theorem 7.9.6 in □ 

Remark 3.8. Another method of proving the formula (13.81) is presented in the article [[5]| 
by Busnello et al., see also literature therein. The approach used there is based upon an 
extension of the standard Feynman-Kac formula for parabolic equations to more general 
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system of linear parabolic equations with a potential term (see the system (3.2) in JSl 
p. 306]). This extension is carried out by using the new variables method introduced earlier 
by Krylov [fTSl . One should mention here that the formula (13.81) is used in to prove the 
local existence and uniqueness of strong solutions to the NSEs. 

3.1. Examples of nontrivial flows in R^. In this subsection we provide nontrivial ex- 
amples of the flows which can be used in the Feynman-Kac type formula (|3.8I) in two 
dimensional case. 

Proposition 3.9. Suppose that v e C^([0,T] x R^,R'^), ^ : R ^ R is a C^-class 
dijfeomorphism, (p = o rot v and Fq G C^{R"' ). Let x)), Q < s < t < T be the 

stochastic flow corresponding to the following SDE 



(3.14) dXsit^x) = v{t,X,{t;x))dt + V2uai{X,{t;x))dW{t), 

Xs{s;x) = X, 

where 

f ^ / COS 0(2;) — sin0(a;) \ „2 

Assume that F : [0, T] x M" ^ M" is a solution to problem A3.4}\3.4\l such that for some 
j3 > and any T G C^(S^,M^) the condition (|3.7I) is satisfied. Then, the formula (13.81) 
holds true. 

Proof of Proposition \3.9\ Suppose that the condition (|3.7I) is fulfilled. Then, it is enough 
to show that process (Ms(t)), t E [T — s,T] defined by formula (13.91) above (where flow 
{Xs{t; x)),0 < s < t < T is given by (13.141) ) is a local martingale. We have 

/n „ n 

J^F^T- t, x) dxk= ^) ^^'^ 
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+ V 



t 
t 



+ V2i/ 

T-sXT-".(r;r) 



Hence, because ai is orthogonal matrix and F satisfies (13.41) we have that 

j=l j,j=l ' m=l 

dt ^ dxj dxk dxk 



Therefore, it is enough to show that 



t 

n 



We have that 'Yl'^i^'^aT antisymmetric w.r.t. indexes /,j because cti is orthogonal. 

m 

Hence n = 2, it means that it is enough to calculate 

= cos 0-— (sin 0) - sin0-— (cos0) = -— 
^ dxk dxk dxk dxk 

and, therefore, 

r-sXT-,(T;r) r-^iXT_,(r;r) 

□ 

Remark 3.10. The construction of the example from Proposition l3.9l can easily be general- 
ized to the case n = 3 in the following way. Let ^ : M ^ R be a C^-class diffeomorphism. 
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Define (f) = ip o (curlt>)^ and 

(cos — sin \ 

sin0(x) cos0(x) ,a;G]R^. 

ij 

Let {Xs{t; x))o<s<t<T be a stochastic flow corresponding to the foUowing SDE 

(3.15) dX,{t]x) = v{t,Xs{t;x))dt + V2^ai{Xs{t;x))dW{t),0< s <t <T 

Xs{s;x) = X 

Then the assertion of Proposition (13.91 ) holds true. 

Note that similar construction can be made for other components of the curl v) but the 
truly three dimensional rotations cti will be considered in next paragraph. 

Remark 3.11. Let us note that the laws of the solutions to SDKs (|3.14l) and (13.31) are the 
same. Indeed, it is easy to see that quadratic variations of both processes are the same. 
In the next example we will show that it is possible to find a flow such that its one-point 
motion has a law of Brownian motion. 

Theorem 3.12. Suppose that u > 0, 6 > and a divergence free vector field v : ^ 

is ofC^^^ class. Le? : ^ M be such thaUv = Define 

, ^ / COS — sin \ 
V sm -^-^ COS -^-^ / 

Let us denote by Xs(t;x), < s < t < T,x & the stochastic fiow of dijfeomorphisms 

ofM? of class corresponding to the following SDE 

j dX,{t;x) = V2^ai{Xs{t;x))dW{t), < s <t <T, 
^ ^ I X,{s;x) = X. 

Assume also that Fq G C^(M^) fl ^^(M^) and that F : [0, T] x ^ ^-^ ^ solution 

to problem l\3.4^3.5\l such that for some (3 > and any T G C^(§^, M^) the condition (|3.7I) 

is satisfied. Denote Qs{x) = E{Fo{Xt-s{T; x))VXt-s{T; x)). Then Q,, G ^^(M" ) n 

),0<e <Sand 

(3.17) F{s,x) = PiQs)ix), s G [0,T], x G M". 

Remark 3.13. As we have already noticed above the formula (|3.17l) can be viewed as 
generalization of Kelvin Theorem as in the Corollary 13.31 Indeed, it is enough to integrate 
both sides of (|3.17l) w.r.t. arbitrary smooth closed contour T. 



■^Such 6 exists because div v = 0. 
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Proof of Theorem \3. 1 21 From Theorem 4.6.5 , p. 173 in lfT6l we infer that there exists a 
flow Xs{t;x),0 < s < t < T for problem (|3.16|) consisting of diffeomorphisms of class 

Moreover, it follows from Theorems 3.3.3, p. 94 and 4.6.5, p. 173 therein that for all 
s e [0,T], Qs G C^+^iW ,R" ), < £ < 5. Let us fix s G [0,T]. We will show now 
that Qs G L2(M" , M" ). Since by Corollary 4.6.7 p. 175 of ([Ml that there exists a positive 
constant C such that 

sup E|VXt_,(T;x)P < C, 
by the Holder inequality we infer that 

j |g,(x)|2dx< j ^Fo{XT-s{T■x))\^^■S/XT-s{T■x)\Ux 

(3.18) <C ! ^Fo{XT-s{T]x))\^dx. 



Furthermore, let us observe that the law of the one-point motion of the flow Xr-s(T; x) 
is equal to the law of the Brownian Motion (see example 6.1, p. 75 of [[T3l for more 
details). Therefore, we infer that 

(3.19) j E\Fo{XT-siT;x))\'^dx = j \S^,Fo{x)\'^ dx < j \Fo{x)\'^ dx, 

R" M" R" 

where {5'^'' = e'^*^}t>o is a heat semigroup. Combining inequalities (13.181) and (13.191) we 
get 

(3.20) /|Q.MP..<c/|F„Wr.., 



3 

Similarly to Proposition ^ we get that / ^ F^{T - t) dxk,t G [T - s, T] is a 

XT-s{t;r) k=l 

local martingale. Indeed, correction term in (13.11) due to rotation of Brownian Motion is 

t ^ ^ 

equal to / / — |^) d(f) ds, see the previous Proposition, and if i; = V"'"0 this 

T-sXT-s(r;T) 

is exactly first order term of two dimensional equation (13.41) . □ 
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Corollary 3.14. Let {Xs{t; x)) < s < t < T, x e M.'^ be the stochastic flow correspond- 
ing to SDE (ITT61) . Then 

_ If -v,{t,X,{t;x))dX^{t;x) v,{t, X,{t; x)) dX^{t; x) 
ax^ ax^ j " A V2{t,X,{t-x))dXl{t-x) -v,{t,X,{t;x)) dXl{t;x) 

axi 0X2 / ^ 



(3.21) 

and 



dXlit;x) dXlit;x) 
dxi 8x2 

dX^{t;x) dX^{t;x) 
dxi 8x2 



1 



8Xl{s;x) 8Xl{s;x) 

dxi 8x2 

dX^{s;x) 8XUs;x) j \ 1 

9x1 8x2 



Proof of Corollary\3l4\ We have by definition of the flow x)), 0<s<t<T that 

dXl(t; x) = v^2z/(cos — {Xs{t; x)) dw] — sin — (Xs(t; x)) dwp 

dXl(t; x) = v^2z/(sin —{Xgit; x)) dw] + cos — (Xs(t; x)) dw] 
XJs: x) = x,x e M^. 



Taking derivative of the flow {Xs{t; x)),0 < s < t < T with respect to initial condition x 
we get for the first component of the flow 

[ (-isini(X,(t,^)d^l - ico=f(A-.(i;.))<iu,3(^iSiM + H^Sia; 

where in the last inequality we have used that v = V"'"0 and definition of the flow. Sim- 
ilarly we can get an equation for the gradient of the second component of the flow. The 
result follows. □ 

Proposition 3.15. Suppose that the vector fleld v : is of class and divergence 

free, i.e. divv = 0. Let Xs{t;x),0 < s < t < T be the flow corresponding to equation 
(13.161) . Identifying C with in the usual way, i.e. z = Xi + 1x2, x = (xi, X2), we can 
deflne a flow Zgit; z), < s < t < T, z & C by Zgit; z) = Xl(t; x) + «Xj(t; x). 
If Fq G C^(]R^) and F : [0,T] x ^ ^ solution of equation ((34l) such that for 

some (3 > and any smooth closed loop T condition (13.71) is satisfled, then 



(3.22) F(t,z) =P[E(Fo(Zr-,(r;z))) ^^^-4i^'^^ +Fo(Zr-,(r;^)))-^^^-*^^'^^ 



O — I ^ J- —L\^ 1 J J J o — 

oz az 
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where F(t, z) = F^{t, x) + tF'^{t, x) and v(t, z) = v^{t, x) + tv'^{t, x). 
Moreover, satisfy the following system of equations: 



d{ — ^= — ) = ^{^{t,Zs{t;z)) — — v{t,Zs{t;z)) — — — )dZs{t;z) 

,dZjt^. l,,^^,^ ,,dZsit;z) y,dZjt^) 



d{ ' ) = —{w{t,Z,{t-z)) ' -w{t,Zs{t-z)) ' )dZs{t-z) 



dZs{s\z) dZs{s\z) 

(3.23) ' = 0, 'I: ' = i, 

oz oz 
where ~ is a complex conjugation. 

Proof of Propositio ns . 1 5\ Definition of the flow (I3.16h can be reformulated as follows 
(3.24) 



dZs{t-z){z,z) = v^e I dW{tf 



Zs{s;z) = z, 

where W{t)'^ = W{ty +iW{t)'^- wiener process in C. Then equation (13.231) immediately 
follow from definition (13.241) . Formula (|3.22l) is simply rewriting of formula (13.81) . □ 

Remark 3.16. Theorem 13.121 indicates the difference between the passive scalar advection 
equation and the vector advection equation. In the former case the Feynman-Kac type 
formula does not contain a gradient of the flow and hence the solution is completely deter- 
mined by the law of flow itself. Since the rotation of the Brownian Motion does not change 
the law of the flow, we cannot employ the same trick for the scalar advection equation as 
we did for the vector advection equation. 

Question 3.17. In connection with Theorem 13. 121 we can ask if it possible to give a direct 
proof (not through formula (13.11) ) of the fact that the limit as z/ — > exists and the limit is 
a solution to the 2D Euler equations? 

3.2. Examples of nontrivial flows in M.^. In this subsection we provide nontrivial ex- 
amples of the flows which can be used in the Feynman-Kac type formula (|3.8I) in three 
dimensional case. 

We will need the following definitions. Let ^ be the so called hat-map linear isomorphism 
defined by 

" . 10)3 



Xi ^ 




( 


-Xs 


X2 











-Xi 


X3 j 




^ -X2 








9 X2 t-^ X3 -Xi e so(3), 
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where so (3) is the Lie algebra of antisymmetric matrices. Let also SO (3) be the Lie group 
of orthogonal matrices with determinant equal to one and let exp : so{3) 3 A t-^ e"^ E 
5*0(3) be the standard exponential map. Let us notice that this map is a surjection. 
Denote S = ker(exp). Define a map BCH : so(3) x so(3) so{3)/Shy 

exp{BCH{u, v)) = exp('u) exp('O), -u, -0 G so(3). 

Now we will find different form of the term (13.21) appearing in formula (13.11) due to diffu- 
sion coefficient a of the flow X. 

Proposition 3.18. Let a G C^([0, T] x R^, M^) and a map a is defined by o : [0, T] x 9 

(t, x) ^ exp(a(t, x)) G 50(3). lf\a\ {t, x) ^ 0, then 

(3.25) Va'"^— = l-cos|a| 6x — + sm|a|— + 6^, 
^ dxk dxk dxk dxk 

m 

where 6 = y^. If\a\{t,x) = then 

(3.26) «. 

^-^ dxu oxk 

Remark 3.19. We can notice that the right side if equality (13.251) can be rewritten as follows 

/i I 9h / . I I I IN dh da 
[1 — cos \a\)h X — h (sm \a\ — \a\)— h 



dxk dxk dxk 

Therefore it converges to ^ when \a\ 0,\a\ ^ 0. Hence, in the following considera- 
tions we will not to single out the case of |a| (t, x) = 0. 

Proof of Proposition \3.18\ If a{t,x) = then formula (13.261) immediately follows from 
definition of a. Assume that a(t, x) ^ 0. We will use the following Baker-Campbell- 
Hausdorff formula in so (3), see e.g. [8, p. 630]. 

Proposition 3.20. Ifu.vE^ then 

BCH{u, i)) = au + Pv + 'y[u, v], 

where [u, v] denotes the commutator ofu and v, and a, (3, and 7 are real constants defined 
by 

sin^^((i)ai sin~^((i)6i sm~^{d) ci 
d 7'^" d d W 
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where ai, bi, Ci and d are defined as 

ai = sm6'cos^(0/2) — sin0sin^(^^/2) cosZ(-u, t>), 
bi = sin 0cos^(^^/2) — sin 6' sin^(0/2) cos Z(m, f ), 
ci = ^sin(e)sin(0) -2sin^(^/2)sin2(0/2)cosZ(M,t;), 



d = \/ al + bl + 2aibi cos Z{u,v) + clsin^ Z{u,v). 



In the above formulae 6 = \u\, = |f |, and Z{u, v) is the angle between the two vectors 
u and V. 

We have 

^ 5(7 d 1 

y <y "^-^ — = exp(— a)— — exp(a) = exp(— a) X lim -(exp(a(x + 5efe)) — exp(d(a;))) 

m 

= lim -(exp(— a) exp(a(x + 6ek)) — id) 

<5^0 

= lim -(^MBCH{~d, d{x + 5ek))) - id) = lim BCH{-dra{x + 5ek)) 
_ y a(5)(-a(x)) + /3((5)d(x + 5efc) + 7(5)[-d(x), a(x + 5efc)] _ 

where in the last equality we have used Proposition [3T8] with u = —d{x), v = d{x + 5ek). 
Therefore, 

d{x + 5ek) — d ^ [3{5) — a{5) 



lim^ffl ^ ' + d(x) lim 

<5^0 (5^0 

d{x + 5ek) — dix) 



— Iim7(5)[d(x), 



(5^0 

dd I3{5) - aid) , <9a , 

= 7— \imd{5) + ahm ^ ' , — — - {a x ^—)\im'y{5) 
dXk 5^0 ' 5^0 5 dxk <5-»o ' 

So, we need to calculate the following three limits. 

(z) = lim/5(5), (u) = lim^^^^^^, {^^^ = M^)- 

From (|3.20l) follows that we need to calculate asymptotics of ai(5), 6i(5), ci(5), (i(5), 
5 — > 0. We have 

d 

9 = \a\{x), (j) = \a\{x + 6ek) = \a\{x) + 6— — \a\ + o{S), 

OXk 

/ // N\ (-a(x),a(x + 6ek)) , ,.2\ 

cos Z M, V)) = \ ,, , = -1 + (5^ 

^ ^ \a\{x)\a\{x + 6ek) 
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. 1 + COS |a|(x + 5efc) 
ai = sm \a\[ ) — sm \a\[x + oek) x 

.1 + cos(|a| + 5^|a|)^ 4-cos|a| 



Similarly, 



sm a + 



2 ' ^ 2 ' 

d 

sin(|a| +5— |a|) + 0(5^) = 

sinkL, II . I I I I c-N 

( 1 + cos a — sm a — — a o) + 

2 dxk 

,1 — cos laL . . I I I I I I c-N -/ r2\ 

( )(sm a + cos ah- — am) + o(o ) = 

2 axfc 

1 (9 

(3.27) = sin |a|(x) (1 — cos |a|)7- — \a\b + oib'^) 

2 dxfe 



• I 1/ r \/l + cos|a|, . , , 
Oi = sm \a\\x + oefcj( ^ ) — sm |a| x 

1 -COs|a|(3: + fefc) 2^^ 

( ^ + )) = 

• /I I r ^ I + COS lal. 



, 1 — cos(|a| + (5^|a|) 
~2 



sin |a|( ^' ' • ) + o(52) 



/ • II I I ^ I I + cos a , 
(sm a + cos ah- — a o)( ) + 

OTfc 2 

1 (9 

- sin lal (cos lal — 5 sin lal— — lal) + o(5^) = 

2 axfc 

1 d 

(3.28) sin lal + -(1 + cos lal)-— |a|5 + o((5^) 

2 dxfc 

(3.29) ci = 1 - cos |a| + o(5) 

(3.30) d = d{6) 
From (I3:27l) . (l3:28l) . (l3:29l) and (l330l) we get 

(in) = lim 



sin ""^((i) 


Ci _ 1- 


cos 


a 


d 


a (x) a (x + (5efe) 


a 


2 



(i) = lim 



sin ^(d) 


bi sin 


a\ 


d 


\a\{x + 6ek) 


\a 
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, sin-Vc/ isin|a| + + COS |a|)gf-|a|5 + 0(52) 
kt) = hm ; -( — — 

' ' <5^o d 6 \a\{x + 6ek) 

.11 \a\{x) — |(1 — cos |a|)g|^|a|5 + o(5^) 



a 




- sin 


a 


d 




a 


2 




dxk 



Thus, we get 

d .... ™. ^ 

(3.31) exp(— 0)7: — exp(a) = — -- — 7: 1 --75 7: — |a|a + 

OXk 

(3.32) ^"^ri^ " a X 



sin 


a 


(9a 




a 





a 




- sin 


a 






a 


2 




dxk 



cos 


a 


1 - 1 




a 


2 



If we put 6 = 1^ and insert it in ([332]) we get (1125J). □ 

Everywhere below we assume that v G L^{0, T; C^'"(M" , )) for some a G (0, 1). 
Corollary 3.21. Let {Xs{t; x)), < s < t < T be the stochastic flow corresponding to 



(3.33) dXs{t]x) = v{t,Xs{t;x))dt + V2uai{t,Xs{t;x))dW{t), 

Xs{s;x) = X, 

where ai{t, x) = exp{d)(t, x), 6 = -j^ G 5'(2). Then for all s, t G [0, T] such that s <t, 

/n „ n 
^F^{T -t,x)dxk= I ^F^{s,x)dxk 
1 — 1 'J 1^ 1 



T-sXT-s{r;r) 

t 



k=l ^ j=l ^ 



/f dh dh didi 
/ (curlF, (1 — cos \a\)b x — h sin \a\— h b— — ) dx^dr 
J OXk OXk OXk' 

T-sXT-sij-X) 

Proof of Corollary \3.21\ Immediately follows from Proposition 13.181 and identity 



□ 
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Remark 3.22. The vector b can be interpreted as the axis of rotation of a and = 
the angle of rotation. 



Now, we present a three dimensional analog of the two dimensional result from Propo- 
sition ISIE 

Proposition 3.23. Assume that Fq E C^{R^), v G L\0, T; C^'°{W ,W )), a E (0, 1), v 
satisfies condition ^M, and F E L^{[0,T]] C^+^ (M^ , M^) ) z^' a solution of equation (13.41) - 
(13.51) such that for some /3 > and any smooth closed loop T condition (|3.7I) is satisfied. 
Let {Xsit; x)), < s < t < T be the stochastic fiow corresponding to 

(3.35) dXs{t;x) = v{t, Xsit; x)) dt + V2uai{t, X,{t; x)) dW{t), 

Xs{s;x) = X, 

where ai{t,x) = exp{a(t,x)), a = curlF. Fix s E [0, T] and define a functions Qs ■ 

M3 ^ ^3 ^ E{Fo{Xt-s{T; x))VXt-s{T; x)). 

Then, Q, E ^^{M?, M?) H C^{W, M?), < e < a and 

(3.36) F{s,x) = [P{Qs)]{x), X G M^ sE [0,T]. 

Proof of Proposition \3. 23\ In view of lfT6l Theorem 4.6.5, p. 173] we infer that there exists 
solution X,(t; x), < s < t < T of problem (13351) and X^(t; x),0<s<t<Tisa 
flow of C^-diffeomorphisms. Furthermore, it is C^+^(]R" ,]R" )-valued process for any 
0<e<6. 

Moreover, it follows from Theorems 3.3.3, p.94 and 4.6.5, p. 173 therein that for all 
s E [0, T], Qs E ,W),0 < e < 6. Let us fix s G [0, T]. We wiU show now that 

Qs E L2(R" ,M" ). Since by CoroUary 4.6.7 p. 175 of that there exists a positive 
constant C such that 

sup E\VXt-s{T;x)\'^ < C, 
by the Holder inequality we infer that 

J \Qsix)\^dx< J E\FoiXT-siT;x))\^E\VXT-siT;x)\^dx 

R" R" 

(3.37) <C J E\Fo{XT-siT;x))\'^dx. 

R" 
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Now it follows from Girsanov Theorem that 



(3.38) / E|Fo(XT-s(T;a;))rdx= \ ^{\F^{x ^ ^/iviWr -WtsW^t-s) dx, 



f v{r,XT-s(r;x))dWr-l/2 f \v(r,XT-sir;x))\^ dr 

where S^-s = ^^"'^ is a stochastic exponent. We 



can notice that 



y 12 , 2/|i)(r)|i,oo(r)(ir 



(3.39) ^^T-sl < e ° 

and, therefore, combining (13.371) . (|3.38l) and (13.391) we get 



1 

T / \ 2 



(3.40) / |g,(a;)pdx< e" / 

3 

Now let us show that / Yl ^^i^ - t) dxk, t e [T - s, T] is a local martingale. It 

XT-s(t:T) k=l 

is enough to prove that the "correction" term (due to nontrivial cti) in the formula (13.341) 
disappears. 

Since 6 = |^^, |6| = 1, \a\ = \cm\F\ we have 



Similarly, 



and 



db db 
(curlF, — ) = I curlF|(6, — ) = 0. 
oxk dxk 



db db 
(curl F, 6 X — ) = I curlF|(6,6 X — ) = 0, 

dxk dxk 



9|curlF| l(9|curlFp 

dxk 2 dxk 



□ 



Question 3.24. It would be interesting to generalize Theorem 13.121 to the three 
dimensional case. In view of Corollary 13.211 in order to find such general- 
ization it is enough to prove that for any solution F of equation (13.41) with 
V being the corresponding C°°) vector field, there exists a triple {b, 0, ip) E 

(L~([0, T], C°°(M3^ S^)), L°°([0, T], C°°(R3, S^)), L°°([0, T],C°°{M.^, M))) such that 

db db 
(cos — l)(curl F, 6 X — ) + sin0(curlF, 



dxk dx 



k 



_ _ , , ^ 90 dih (v X curlF)'^ 

(3.41) +curlF,6-^ + = ^-,k = l,2,3. 

dXk dXk V 
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We can notice that system (|3.41l) is time independent in the sense that there are no time 
derivatives of the unknown functions. Therefore it is enough to consider the system for 
every fixed time t E [0, T]. If the solenoidal vector field v is two dimensional, i.e. divv = 
0, fs = and the components vi, V2 do not depend upon variable x^, then b = (0, 0, 1), 
(p = (pi/u, where 0i is a stream function for v,'ip = 0, is a solution of the system (|3.41l) . see 
Theorem 13. 12[ However, in the three dimensional case the problem is completely open. 
One of the possibilities to narrow the problem is to consider the case when F = u is a 
solution to the Navier-Stokes equations. 

Question 3.25. Another question connected with system (13.411) is as follows. How do 
variables b, (p, ip depend upon z/? Can one take the z/ to limit in the representation 
(13.411) ? But let us note that in the two dimensional case under the additional condition 
of incompressibility div i; = 0, the representation (13.411) holds also in the limit z/ ^ 0. 
Indeed, in two dimensional case the stream function corresponding to the vector field v 
exists because div f = and is independent of F and v. 

Remark 3.26. The Question 13. 241 can be reformulated in the following way. 

Problem A. Find a C^-class function a : R'^ — 50(3) such that for any smooth closed 

loopT 

(3.42) E y E ( - = - E y E &r-'" 

k Y 3 k=l p j,l,m 



Let A be the wedge product, see e.g. BOl p.79], and denote 



dF'' dF^ . 

j,k 



a = — ) dxh 



V ^ dxj dxk 
w = curl F. 



Suppose a : M'^ ^ 5*0(3) is a O^-class function. Let us define a matrix valued function 

A, 

(3.43) A = daa~\ 

Then the matrix A is antisymmetric and has the following form 

(3.44) A = 






-as 


a2 


as 





—ai 


— (22 


ai 
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where ai{x),i = 1, 2, 3, x G are 1-forms. Moreover, A satisfies system 
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(3.45) 



dA + A A A = 0, 



or, in terms of 1-forms Oj, i = 1, 2, 3, equivalently 

dai = A a2 
da2 = ai A 
das = ^2 A ai. 

Furthermore, if arbitrary antisymmetric matrix A of one-forms satisfies (13.451) then there 
exists (7 : M'^ ^ 50(3) such that (|3.43l) is satisfied. Notice that the right part of formula 



(13.421) can be rewritten as follows 
(3.46) 

Indeed, 



u I y Wiai. 

i=l 



a'"^— — dxk = dao^ = daa^^ = A. 

k,in 



Now we can rewrite formula (|3.42l) as follows 



(3.47) 



a 



E 

i=l 



Wiai 



Hence, we can reformulate the equation (|3.41l) as follows 



(3.48) 



Wiai = —a + dip- 



i=l 



Thus, Problem A can be solved in two stages. First, we need to solve system 



(3.49) 



dai 
da2 
das 

3 
i=l 



as A a2 
ai A as 
a2 A ai 

—a + dip. 



Then we need to find cr : M'^ ^ 5*0(3) from equation (13.431) . Existence of such a follows 
from first three equations of system (13.491) . 
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Applying the exterior derivative operator d to the last equation of the system (13.491 ) we 
can get rid of function ijj and thus we get equivalent system 



(3.50) < 



dai = Aa2 
da2 = ai A as 
da^ = 02 A Oi 

3 

-da = ^ dwi A + Wia^ A 02 + ^201 A 03 + 1^302 A ai. 

i=l 



This system can be reformulated in terms of matrix- valued 1-form A as follows: 
(3.51) 



dA + AAA = 
tr{WAAA + dWAA) = 2 da, 



where 



-W3 W2 

W = \ w-i —wi 
-W2 Wi 

Thus we have quadratic equation on the space of flat connections. 

Another application of Proposition 13. H is a Feynman-Kac type formula for solutions of 
the following equation 

dF 

(3.52) — = -uAoF + {v{T--)-V)F-{F-V)v{T--),t>0,xeR" , 

(3.53) F(0) = Fo, 

where Aq is a Stokes operator, Fq E H and v satisfies condition (|2.5I) . For the simplicity 
sake we formulate the result for n = 3. 



Proposition 3.27. Let v G L\0, T; Cl'"{W , W )) for some a G (0, 1), v satisfies con- 
dition (13.61) . {Xs(t]x)), 0<s<t<oois the fiow corresponding to problem (|3.3I) . 
Fq G ) and F is a solution of equation (|3.52l) such that there exists f3 > 0: 

(3.54) 



El 



J F^(T — t, x) dx2 dxs + F'^(T — t, x) dx^dxi + F'^(T — t, x) dxidx^l^^^ < 00 



XT-s{t;S) 
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for any smooth surface S dM? with smooth boundary T and allO<T — s<t<T. Then 
it satisfies 



F\s,x)=nF^{XT-s{T-x 

(3.55) +F^{Xt-s{T;x 
+F^{Xt-s{T;x 

F^{s,x)=E[F^{Xt-s{T;x 

(3.56) +F^{Xt-s{T;x 
+F^{Xt-s{T;x 

F%s,x)=E[F^{Xt-s{T;x 

(3.57) +F^iXT-siT;x 
+F^{Xt-s{T;x 



L°°(0,T; L^{W 



dX^^^{T;x 



dx2 
dXl^^T-x 



dX2 

dX^_^{T;x 



0X2 

dX^_^{T;x 



dxs 



dx3 
dX^_XT-x 



dx^ 



dX^_XT-x 



dxi 



dxi 
dX^_,iT;x 



dX^_^{T;x 



dx3 
dX^_XT-x 



dx3 
dX^-siT;x 



8X3 



dxi 
dX^_^iT;x 



dxi 
dX^_XT]x 



dxi 
dX^_^{T;x 



0X2 

dX^_^{T;x 



8X2 

dX^_,{T;x 



dX^_XT-x 



3X3 

dX^^^T-x 



3X3 



dx3 



dxi 



dxi 
dX^_^{T;x 



dxi 
dX^_^{T;x 



0X2 

dX^^^T-x 



8X2 

dX^_,{T-x 



dX^_^{T;x 



dx2 
dX^_^{T;x 



dX2 

dX^_^{T;x 



0X2 

dX^_^{T;x 



9X3 

dX^_^{T;x 



9X3 

dX^_XT-x 



dX3 



dX^_XT-x 



dxi 
dX^_^{T;x 



dxi 



dxi 



dXq 



dxo 



dxi 



Proof of Proposition \3. 2 71 The result follows from Proposition 13. 5[ Indeed, let G E 



^" , M" )), < £ < a be a solution of equation (l3ll)-(l33]). 
Its existence follows from Proposition 13. 5[ Then F = curl G is a solution of equation 
(13.521) . For solution G of (13.41) we have got representation by formula (|3.8I) of Feynman- 
Kac type. Integrating it w.r.t. closed contour T we get 

(3.58) j ^G^{s,x)dxk = E{ j ^Gl{x)dxk). 

r Xt-s{T;T) 

Now, result immediately follows from Stokes Theorem. 



□ 



Remark 3.28. On an informal level, the Feynman-Kac type formula (I3.55l) - (|3.57l) in the 
case of = can be seen as a solution of the following informal infinite dimensional 
first order PDF obtained by the characteristics method. Indeed, let us denote by Y the 
set of all smooth surfaces S C M" with smooth boundary V. Let TY be the set of all 
smooth vector fields on Y . If F is a solution of equation (13.521) with parameters z/ = and 
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V e C^{[0,T] xm""), then F defined by 



F : [0, oo) X F 9 {t, S) 



I 



{F{t,-),n) da G M, 



s 




Y3 S^[j v{x) e TY. 



Then, on a purely speculative level, the solution to equation (13.591 ) obtained via the char- 
acteristics method is exactly our Feynman-Kac type formula. 

Remark 3.29. In a forthcoming publication the authors will consider the case of equations 
with less regular velocity vector fields than those considered in the current paper. Transport 
equations with irregular velocity field have been a subject of a great variety of works, see 
e.g. recent works by Lions and Di Pema |I71, Maniglia [[2T|. Bouchot, James and Mancini 
ll2l, and references therein. Our plan is to combine the results of Maniglia [EB with our 
work i.e. to find probabilistic representation of solution of vector advection equation with 
irregular velocity and then study the limit as the viscosity u converges to 0. 



Proof of Proposition 12. 21 (i) The proof will be divided into three parts a), b), c). 
a) Let us consider a special case when v E L°°(0, T; L'^+'^"(D)). We will use Theorem 1 1.3 1 
with Gelfand triple V C H ^ H' C V. Denote A{t) = vA + B{v{t), ■). We need to 
check whether the conditions (11.51) and (II. 6|) are satisfied. We have. 



The second term on the RHS of the equality (14.11) from (11.131) can be estimated as follows 



4. Proofs of results from section [2] 



(4.1) 



{A{t)f, f)v,y = Ud{f, f) + {B{v{t), /), f)v,y, f E V. 




Thus from the inequality (|4.2I) and the continuity of form a we infer that, 



(4.3) 



\\A{t)\\ciV,V') < Cu + C2Ht)y+S,^j,y 
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The coercivity assumption (|1.6I) also follows from the inequality (11.131) . Indeed, for f eV, 
t e [0, T] we have 



\{A{t)fJ)v'y\ = \u~a{fJ) + {B{v{t)J)J)y,y\ > 



By choosing e > such that | — ^^i+^o/a > g we conclude the proof of the coercivity 
condition (|1.6I) . Thus, by the Theorem II. 3 [ first statement of the Proposition follows, 
b) To prove Proposition in the general case we will show an energy inequality for solutions 
of equation (I2.1H2.2I) when v e L°°(0, T; L^+^o (£))). From step (a) we know that a solution 
F e L2(0, T; V) such that F' G ^^(0, T; V) exists and unique. Then, from Lemma O 
and equality (11.191) we infer that 



F\l = -u\\F\\l + {f,F)v'y-{B{v,F),F)v,y 
= -i^\\F\\l + {f,F)v'y + {cni\F,v x F)h. 



Therefore, by applying the Young inequality, we infer that 



z z 

\Fit)\jj + 2u j \F{s)\l,ds- JicnT\F{s),v{s)x F{s))Hds 



\FmH+ {f{s),F{s))v,yds 





t t 

< |i^(0)||+^ I \F{s)\'yds+^ I \f{s)\'y,ds. 
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t 

The term J (curl F{s)^v{s) x F{s))h ds can be estimated as follows: 



t 

I / {cMi\ F {s), v{s) X F{s))Hds\ 



t t 

< \ j \oni\F\]jds + ^ j \v{s)yiF{s)\]jds 



t t 

< ^1 \cn.\F\lds + ^ 



t t 

(4-4) < (^ + ^^^"^"/^) / 1^(^)1^^^+^;^ / Hs)\':.l'i'\ns)?uds. 



Let us choose £ > such that ^ + c:£-i+<5o/3 ^ jj^gj^ 

/ \\ns)rvds<\Fm'H+^ j \f{s)\i,ds 



t 



Hence, in view of the Gronwall Lemma, we get 

t 



Thus 



\m?H + ^j \\F{s)\\lds<K^{\Fml + ^ j \f{s)\l,ds 





(4.5) \l^lHs&:i^e^^l'"-'^'^ ,*>0. 

(c) The general case. Let Vn E L°°(0,T; L^+'^"(D)) be a sequence of functions such that 
f „ — > f in L^'^^o (0, T; L^+'^o (£))). Let F„ be a corresponding sequence of solutions of 
equation (|2.1H2.2I) with v being replaced by Vn- Then from inequality (|4.5I) it follows that 
the sequence lies in a bounded set of L°°(0, T; if) n ^^(0, T; V). Therefore, by 

the Banach-Alaoglu Theorem there exists subsequence {Fn'} and F* E L°°(0, T; H) such 
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thatforany g G L\0,T;H) 

T 

(4.6) J iFn'-F*,q{s))Hds^O 



Similarly, from the Banach-Alaoglu Theorem it follows that we can find a subsequence 
of convergent to F** e L^{0, T; V) weakly i.e. for any q G L^{0, T; V) 

T 

(4.7) / {F^.-F**,q{s))v',vds^Q, 



In particular, (l4!6l) and (|4J]) are satisfied for q e 1^(0, T; H). Therefore F* = F** e 
L°°(0, T; if) n L2(0, T; V"). Put F = F*. Let us now show that F satisfies equation (O- 
O) in the weak sense. Let G C~([0, T], M), ^/'(l) = 0,heV. Then by part (a) of the 
proof we have 

XT T 

{Fn{s),h)H^'{s)ds + {B{vn,Fn),h)v',v^{s)ds + V / a{Fn{s),h)'ijj{s) ds 



T 

(4.8) = (Fo, h)H^{0) + y {f{s), h)v'yi^{s) ds. 



Convergence of the first term, respectively third term, follows immediately from (14.61) . 
respectively (14.71) . For the second term we have 

T T 

I j{B{vn,Fn)-Biv,F),h)v'yi^{s)ds\<\ j{B{vn-v,Fn),h)v',vHs)ds\ 



1 

+ 1 j {B{v, F„-F), h)v',vi^{s) ds\ = /„ + Iln. 



Let £ > be fixed. For any £2,^3 > we have, by inequality (11.131) . the following 
inequalities 

T T 



In < S3 I \cuT\Fn\Hds+ — J {e2\h\y + —\vn-v\^;,+^^f^^\h\jj)\ilj\ ds 







T T 
2 



^3||i^n||i2(o,T;y) + ^|/^ry / l^l' + / K - vf^^X ^^^\^\' ds. 
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Taking into account boundedness of the sequence {Fn}^=i in L^(0, T; V) and the conver- 
gence of {vn}n=i to V m L^"^i (0, T; h^+^''{D)), we can choose £2, £3 and = iV(£) in 
such way that /„ < |, forn > A^. 

T 

For //„ we have //„ = | / (F„ — F, curl(f x h))v',v^{s) ds\. From inequality (11.151) 



it follows that v x h e L^{0,T;H). Therefore, curl(t; x h) e L'^{0,T;V') and the 
convergence of //„ to follows from inequality (14.71) . The uniqueness of F follows from 
the energy inequality (14.51) . It remains to show that F G C{[0,T], Hw). Let us show 
that F G C([0, T], V). Then, since F G L°°(0, T; i/), it immediately follows from [[33l 
Lemma 1.4, p. 178] that F G C([0, T], To prove that F G C([0, T], l^') it is enough 
to show that F' G ^^(0, T; r'). Indeed, we have that F G L°°(0, T; if) C ^^(0, T; V) 
and by [|33l Lemma 1.1, p. 169] the result follows. We have 

T 







< 



ij 2 1 

. ox,. J^ri , — , , , -L 





T 



< 





T T 



where the second inequality follows from the Holder inequality and the third one follows 
from the inequality (14.31) . Thus, first statement of the Proposition l2.2l is proved, 
(ii) To prove [ii] we follow an idea from [|3]| and H). 

T 

Lemma 4.1. Let g : [0,T] ^ be measurable function such that J \g{s) \ ds < 00. Then 



for any 5 > there exists a partition {Tj}"^^ of interval [0, T] such that J \g{s) \ds < 6, 

Ti 

i = 1, . . . ,n. 



Proof Follows easily from [|28l Theorem 8.17]. 



□ 
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Existence of a local solution. Let Xt = {F e L^{0, T; D{A)) : F' e L^{0, T; H)}hea 
Banach space endowed with a norm 

We will prove the following result. 

Lemma 4.2. Ifv satisfies assumption (12.51) . z G Xt then B{v{-), z) G i^^(0, T; H). 

In view of Proposition 11.41 and the above Lemma, a map $2- : X-r X^ defined by 
$2^(2;) = G iff G is the unique solution solution of the problem 

(4.10) G' + vAG = f- B{v{t), z), G(0) = Fq, 
is well defined. 

Proof of Lemma \4~2\ From inequality (11.211) we have 

\\Biv{-),z)\\l2(^Q^T.H) < Ci{e,6o)\\z\\l2(^o^T.j^2(^D))+C2{e,6o)\z\l(^^Q^j^yy)\v\^^+^^^ 

Thus the result follows from Lemma [TTl □ 

We will show that there exists Ti <T such that $2-1 is a strict contraction. By Proposi- 
tion Ol and inequality (|1.21l) we have, for all t G [0, T], 

I ^ Cs I |2 I I 

+ '-"1^1+3/5 Fl ~ ^2|c(0,t;y)rlL2+6/«o(0,T;L3+''o(D)) 

I ri I |2 I I N 

^1^1+3/5 ~ ^2|xJ'^lL2+6/■50(0,^;L3+■50(D))J• 

NOW let us choose e > that Ci£:^+'^"/^ = 1/2 and denote K = Cij^^. We have 

(4.11) \\<!>tizi) - Mz2)fx^ < (l/2 + ir|t;|^2+6/.o(o,t;L3+^o(D)))ki-^2|^„tG [0,T]. 

Choose t = Ti such that |f |i2+6/io(o,Ti L3+«o(D)) < = 37^ then "^Ti is an affine contraction 
map and by the Banach Fixed Point Theorem there exists a fixed point F G X^^ of $Ti • 
Obviously F is a solution of problem (I2.1H2.2I) on interval [0, Ti]. 

Existence of a global solution. From Lemma 1431 and assumption (12.51) it follows that we 
can find partition = Tq < Ti < . . . < T^^i < T^. = T of interval [0, T] such that 
|f |j^2+6/io{Ti,Ti+i;L3+'5o(D)) < 37?' = 0, . . . , — 1. Thcrcforc, we can use the inequality 
(14.111) and the Banach Fixed Point Theorem iteratively to define global solution. 
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(iii) To proof the statement in part [iii] we will use a method suggested by Temam in [34]. 
We will consider only the case k = 1. General case follows by induction. Let us recall that 

A{t) = uA + B{v{t),-). 

By differentiating the equation (|2.m2.2|) w.r.t. t (in weak sense) we find that F' is a solution 
of 

^ = -A{t)F' + B{v'{t),F) + f,te [0, T]. 

Now from the assumptions of the statement in part [ii] it follows that it is enough to prove 
that B{v'{-), F) G L'^{0, T; H) and then use the already proven statement in part [i]. From 
inequality (|1.21l) we have 

T T T 

I \B{v'{t),F)\ldt < e'^'^/'l \\cuT\Frydt+^^ J \v\t)\l,s,^^^\ curl F\ldt 



T 



Note that F E C([0, T]; V) by LemmaO 

□ 

Proof of Proposition \2.4\ The proof is very similar to the proof of the previous Proposition, 
(i) The proof will be divided into three parts a), b), c). 

a) First we consider a special case whent; G L~(0, T; L3+^"(D)). We will use Theorem 
Owith Gelfand triple V C H = H' cV. Denote B{t) = vA + curl(t;(t) x •).We need 
to check whether the conditions (11.51) and (|1.6I) are satisfied. We have 

{B{t)f, f)v',v = ^a(/, /) + (curl(t;(t) x /), f)v'y 
(4.12) = ud{f,f) + {v{t) X /,curl/)v',,v^, t G [0,T], f e V. 

Now we can use the inequality (14.21) and the continuity of the form d to get 

\\B{t)\\c(V,V') < Cz/ + C2|f(t)|L3+5o(D)- 

The coercivity condition (11.61) can be proved in the same way as in the proof of Proposition 
I2.2[ Therefore, by Theorem 1 1.3 1 first statement of the Proposition is proved in our special 
case. 
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b) To prove Proposition in the general case we will, as before, show an energy inequality 
for solutions of the problem (I2.3H2.4I) when v e L°°{0, T; h^+^''{D)). From Step (a) we 
know that there exists a unique solution G E L'^{0, T; V) such that G' G ^^(0, T; V). 
Then, from LemmaOit follows that G G C([0, T]; H) and 

Ij^\G\h = -iy\\G\\l + {f,G)v',v-{vxG,cnr]"' 
= -u\\Gfy + {f,G)v'y + (curlG,^; x G)h 



V'V 



Therefore, by the Young inequality, 

t t 
\G{t)\]j + 2v j \G{s)\lds- j {cni\G{s),v{s)xG{s))Hds 







= \Gml + j {f{s),G{s))v^yds 



t t 
< 1^(0)11, + ^ I \G{s)\'yds + ^ J \f{s)\'y,ds,te[0,T]. 







The term J (curl G{s) , v{s) x G{s))h ds can be estimated in the same way as in Proposition 



see (14.41) . Thus we infer that G satisfies the following inequality, for t E [0, T], 
t I t 

\G{t)\l + V I \\G{s)ryds<KA\Gml + ^ I \f{s)\i.,ds 

\ 



(4.13) \l+ l[^{s&ds\f"°^''l'°'-"'^-'' 







c) The general case. Now, let {vn}'^=i be an L°°(0, T; L^+'^<'(D))-valued sequence of func- 
tions such that t;„ ^ v E (0, T; L3+'^o(D)), n oo in L^+^(0, T; L3+'5u(D)). 
Let {Gn}'^=i be corresponding sequence of solutions of the problem (I2.3H2.4I) . Then from 
(03l) it follows that sequence {Gn}n=i lie in a bounded set of (0, T; H) nL'^{0, T; V) . 
Using the same argument as in the proof of Proposition 12.21 we can find subsequence 
{Gn'}^=i weakly convergent toG E L°°(0, T; H)nL'^{0, T; V) which solves the problem 
(12.3112.41) in a weak sense. Moreover, it follows from inequality (14.131) . that the function G 
satisfies energy inequality (|2.9I) . Uniqueness of the solution of the problem (|2. 3112.41) fol- 
lows from the energy inequality (|2.9I) . The only difference with the previous Proposition 
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is that now we can prove that G' G i^^(0, T, V). Indeed, we have 



l/^'l|2 _ II Rr^l|2 

1*-^ IIl2{o,t,v') — ll-D'-^llL2(o,T,y') 



T 

< J \uAG + cni\{v{t) X Git))\l, dt 





< ^1|G'||i.(o,Ty) + J \v{t)xG{t%dt 



T 





Thus, the first statement of Proposition is proved. Statements [ii] and [iii] can be proved in 
the same way as in the proof of Proposition 12.21 

(ii) Existence of a local solution. Let Xt = {F e L'^{0, T; D{A)) : F' e L'^{0, T; H)} be 
a Banach space endowed with a norm 

I l?|2 _ ,,2| rp\2 I I p/|2 

F \Xt — \^ Il2(0,T;D{A)) + F Il2(0,T;H)- 

We will prove the following result. 

Lemma 4.3. Ifv e L'^{0, T; V), z e Xt then curl(t;(t) x z) e L'^{0, T; H). 

In view of Proposition 11.41 and the above Lemma, a map $t : Xt — > Xt defined by 
= G iff G is the unique solution of the problem 

(4.14) G' + uAG = / - cm\{v{t) x z), G(0) = FoeV 

is well defined. 



Proof of Lemma \43\ We have: 

II CUrl(t;(t) X 2;)||i2(o,T;iy) < C{\\zVv\\12(^qT;H) + A\h{Q,T;H)) 

(4.15) < G|2;|c([0,T];V)|^|L2(o,T;y) 

and the result follows from Lemma [LTI □ 
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Now we will show that there exists Ti G (0, T] such that is a strict contraction. Let 
us fix t G (0, T] and take Zi, 22 ^ X-r- Then, by Proposition !! ^l and Lemma [l.l2[ we have 

\\^t{z^) - Mz^Wx^ < Cill cm\{v{t) X {z^ - Z2))\\ 

L2(0,t;i?) 

^ /^l |2 I |2 ^ /^l |2 I |2 

^ - ^2|c(o,i;y)rlL2(o,t;V) ^ - Z2\xt\'"\L^{Q,t■y)■ 

\^i us choose Ti G (0,T] such that C\v\L2^Qj'^.y^ < 1/2. Then is a strict contraction 
map and hence by the Banach Fixed Point Theorem there exists a unique F G Xtj that is 
a fixed point of $Ti • By the definition of the $t it follows that F G is a solution of 
problem (I2.1H2.2I) on interval [0, Ti]. Notice also that F{Ti) G V. Therefore, the map $t 
with initial data F{Ti) is well defined on interval [Ti, T]. 

Existence of a global solution. From Lemma |4T| and assumption (|2.5I) it follows that we 
can find a partition = Tq < Ti < . . . < Tfc_i < = T of the interval [0, T] such that 
\'v\l^{t„t,+i;V) < 1/2, * = 0, . . . , A; — 1. Therefore, we can use inequality (|4.11l) and the 
Banach Fixed Point Theorem iteratively to define a global solution (12.3112.41) . 
(iii) We will consider only the case k = 1. General case follows by induction. We differ- 
entiate equation (12.3112.41) w.r.t. t (in the weak sense) and get an equation for the function 
G': 

dG' 

— (t) = -uAG'it) - curl G"(t) x v{t) - curl(G(t) x v\t)) + f'{t) 
G'(0) = -uAGo-cmlv{0)xGo + f{0),te[0,T]. 

Now from the assumptions of the statement [ii] it follows that it is enough to prove that 
curl(G X v'{t)) G L'^{0, T; if) and then use the already proven statement in part [i]. By 
the inequality (14.151) we have 

II CUrl(G X V')\\l2 (^o,T;H) < C\G\c{10,T];V)\v'\l2{0,T;V) < OO. 

Note that G G G{[0, T]; V) by LemmaO 

□ 

Proof of Theorem 12771 1^* Step. Fix Sq > 0. Let us prove the theorem in the case of smooth 
initial dataFo G (IJ)n if and vector field G C^°°([0, T] xD)nL^"*"^(0, T; L^+'^op)). 
For each e > we can find F^ G G°^(D) n ii, G§ G G'^iD) nH,v' e G^{[0, T]xD)n 
L^+t (0, T; L3+'5"(i})) such that as e ^ 0, F^ Fq in H, ^ Go in ii and ^ v 
in L°°(0, T; L^+'^"(i})). It follows from Corollaries 12.51 and 12.61 that there exists solutions 
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G C{[0,T];H) f] C°°((0,T] x D), G C{[0,T];H) f] C°°((0,r] x D)) that are 
solutions to the following problems 

^(t) = -uAF^t) - P{v'{t) X curlF=(t)) 
F%0,-) = Fo^^G[0,T] 

(t) = -uAG%t) + curl {v%T - t) x G'{t)) 



dt 

G%0,-) = Gl,te[0,T] 
Therefore, for all t G (0, T] we have 

f^{F^{t),G%T-t))^.^n) 

= if/^t), G%T - t))L.(z.) - (F^it), jG^iT - t))^.^n) 

= z/(PAF^(t),G^(T-t))L2(z5) - {P{v{t) X cml F%t)),G%T-t)\2(^n) 

- u{F%t), PAG^T - t))L2(z3) - {F%t), curl {v{t) x G%T - t)))L2(^) 

= K^{t) - K,{t) - Ks{t) - K,{t) 

It follows from the fact that div = div = 0, F'^Iqd = G'^Iqd = and the integration 
by parts formula that (F^ V^/')l2(d) = {G", VV')l2(d) = for any ^ G G°^(D). Thus, we 
have 

K,it) = {FAF%t),G%T-t))j^2^n) = iAF%t),G%T-t))j^2^o), 
K^it) = (P(t;(t)xcurlF^(t)),G=(T-t))L2(^) 
(4.16) = (t;(t)xcurlF^(t),G^(r-t))L2(,5),tG(0,r] 

and 

K^{t) = {F%t), PAG%T - t))L2(B) = {F%t), AG%T - t)\2(^D), t G (0, T] 

Therefore, by the Green Formula we get Ki{t) - K^{t) = 0, t G (0, T]. From O), (I4l6l) 
and the formula 

j u curl vdx ~ j ^ "^^^^ '^'^^ ~ J {u X V, Ti) da 

D D dD 
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we infer that 



K2{t) = {v{t)xcuT\F%t),G%T-t)\2^n) 
= -{cml F%t) X v{t),G%T-t))^2^r)) 
= -{cm\F'{t),v{t) X G^(T-t))L2(z5) = -K^{t),t e (0,r]. 



Thus, f^{F'{t),G'{T - t))L2(D) = 0,t E (0,T]. Also, by the regularity of F^ it 
follows that {F'{-),G%T - e C~((0, T]) n ^([0, T]). As a resuk we get equality 

(I2l3l) . 

2"*^ step. Let us suppose that we have showed that Fe{t) F(t),t G [0,T] in weak 
topology of H and ^ G in G([0, T],H). Then we have 



mt),G{T-t)) - {F%t),G%T-m 

= |(F - F'it), G{T - t)) + G - G^(T - t))| 

< \{F- F%t), G{T -t))\ + \F'{t)\H\G - G%T - t)\H 



< \{F-F'{t),G{T-t))\ + \F'^\H snv |G - G^(s)|h 0, t G [0, T] 

sG[0,T] 



i.e. {Fit), G{T - t))H = lim{F'{t), G'{T - t))H, t G [0, T] and the resuk follows from 

e—*0 

first step. In order to show weak convergence of Fe{t) to F(t), t G [0, T] let us first notice 
that by the Banach-Alaoglu Theorem, F^ converges to F weakly-* in L°°(0, T; H). The 
proof of this claim can be performed in exactly the same as the proof of the convergence 
of Fn ^ F in Proposition 12.21) . Also, we have from the Banach-Alaoglu Theorem that 
F^it) weakly-* convergent to some ^(t) e H,t e [0, T]. We will show that = F. Fix 
^ e V. Let us denote g{t) = (^(t) - F{t),^)H, t G [0,r]. Since V is dense in H it 
is enough to show that g = 0. Now we will show that g G G([0, T]). From the part (i) 
of Proposition Owe infer that F G G{[0,T],V'). Thus, {F{-),^)h = {F{-),^)v',v e 
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C{[0, T]). Furthermore, for t G [0, T] we have 

t 

(4.17) mit),0 - {Fs{s),0\ < I mir),0\dr 



T 



l+_3_ . , a-^o+a , 







L ^(0,T;L3+'5o(D)) 

< C\F^\h{C{u,T,6o) + \v,\ 

L^(0,r;L3+'5o(D)) 

In the above sequence of inequalities, the first one follows because (Fi;{-),^) E 
C°°((0, T)), the second one from the Holder inequality and the fourth one from the in- 
equality (1431) . 

Taking the e \ limit in (14.171) we immediately get 

(4.18) \{^{t),0-{'^{s),0\<C{Fo,v,u,6o,m\v\t-s\^, 

where C(Fo,i;,i/,5o,T) = C\F%{Ciu,T, 6o) + \v\ ^^^^^^^^^^^^^^). Hence, ^ e 
C{[0,T],V') and, consequently, g E C([0,T]). Therefore it is enough to prove that 
g{t) = for a.a. t E [0, T]. We have already observed that 

T 

(4.19) lim [{F'{s) ~ F{s),q{s))Hds = 0, for all q E L\0,T;H). 

e\Oj 


Take any / E L\0,T) and put q = U', 9s = - F{-),^)h. Then condition (I4l9l) 

can be rewritten as follows 

T 

(4.20) J ge{s)f{s) ds 0, for all / E L\0, T). 



On the other hand, it follows from definition of g that ge is convergent to g pointwise. Let 
us show that (14.201) and pointwise convergence of ge imply that (? = a.e.. By the Egorov 
Theorem, see e.g. |fT| Theorem 2.2.1, p. 110], for any / > there exists a measurable set 
Ai C [0, T] such that \{Ai) < I and g^ ^ g uniformly on [0, T] \ Ai. Here A denotes the 
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Lebesgue measure. Hence by (14.201) we infer that g{t) = 0, for a.e. t E [0, T] \ Ai and 
consequently g{t) =0 for a.e. t E [0, T]. 

Thus, it remains to show that G in C([0, T],H). Denote = - G. Then R^ 

is a solution to the following problem. 

^(t) = -uAR'(t) + cm\(v%T-t)xR'(t)) + cnr\((v'(T-t)-v(T-t))xG(t)) 
at 

R%0,-) = G'o-Go,tE[0,T]. 



Applying the energy inequality (12.91 ) to the function i?^ we infer that for any r > 



L^+4(0,T;L»+'5o(D))'' 



T 







e ■ t2 

V ^ V 



c 

(4-21) 7IT5k|G^lc([0,T];H)l^' - ^I^^+4(0,T;L3+^0(D))^' 

where last inequality of (14.211) follows from Lemma [1.12[ Now, from the convergences 
in L^+t (0, T; L^+'^o (£))), ^ Gq in if and inequalities (l43T]) we get the resuk. 

□ 
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